We consider the problems of kinematic and dynamic constraints, with actuator saturation and wheel slippage avoidance, for motion planning of a holonomic three-wheeled omni-directional robot.
INTRODUCTION
An omni-directional robot is a holonomic robot that can move simultaneously in rotation and translation (Pin et al., 1994) and has been widely studied due to its maneuverability. However, most work on omni-directional robots is in robot development; there are few studies on dynamic models. Watanabe et al. (1998) presented state variable based modeling of a three-wheeled omni-directional robot, whose wheels are assumed to be symmetrically-arranged orthogonal assemblies. Williams et al. (2002) expanded this model to a non-symmetrically-arranged three-wheeled omni-directional mobile robot, and gave the non-linear state variable dynamics equations. Kalmar-Nagy et al. (2001) presented dynamic modeling and experimentally-derived coefficients of three-wheeled omni-directional mobile robots with symmetrically-arranged wheels. These models all have decoupling between the wheels, which is not complete for analyzing the dynamic behavior of the robot. Thus, our first task in this article is to derive the coupled non-linear dynamics model for symmetric three-wheeled omni-directional robots.
Many authors have presented results in control of non-holonomic mobile robots (we focus instead on the holonomic omni-directional mobile robot). Borenstein and Koren (1987) present a control strategy to avoid slippage and maintain zero orientation error for a mobile nurse robot. Hong et al. (1999) explore the limits of kinematic models for differentially-steered wheeled mobile robots and develop a dynamic control algorithm. Astolfi (1999) presents exponential stabilization of the kinematic and dynamic model for a wheeled mobile robot using a discontinuous, bounded, time-invariant, state-feedback control law. Dixon et al. (2000) develop a variable-structure-like tracking controller for a mobile robot that compensates for uncertainties in the kinematic model. Mukherjee et al. (2002) present two algorithms for the motion planning of a spherical mobile robot. Chakraborty and Ghosal (2005) propose a three-wheeled mobile robot and present dynamic simulation to demonstrate no-slip motion is possible on uneven terrain. Some authors presenting results on holonomic omni-directional mobile robots are now discussed. Betourne and Campion (1996) develop an LQR controller for a four-wheeled robot with the goal to minimize slippage during acceleration. Fujisawa et al. (2001) present an omni-directional robot controller for following given paths using visual servoing. Smid et al. (2004) use virtual simulation to evaluate motion of a mobile robot in constrained area with obstacles, using multiple sensor fusion and a comparison of Ackerman vs. parallel steering..
There are relatively few references dealing with the important problems of mobile robot motion planning considering actuator saturation and physical kinematic and dynamic constraints on the motion. Carelli and Freire (2003) present wall-following corridor navigation, attempting stable sensor-based navigation while avoiding actuator saturation. Munoz et al. (1999) consider kinematic and dynamic constraints in motion planning control of a non-holonomic mobile robot. Chiaverini and Fusco (1999) presented path following subject to velocity and acceleration constraints based on actuator limits, using kinematics only.
The main focus of the current article is to present kinematic and dynamic constraints, including actuator saturation avoidance and wheel slippage avoidance, for motion planning of wheeled holonomic omni-directional mobile robots. We have also considered dynamic obstacle avoidance, subject to these motion planning constraints, but this is beyond the scope of the present article. We present novel concepts of Velocity Cone and two Acceleration Cones (Dynamic and No Slippage) to achieve the desired practical limitations on motion planning. This article first derives a new coupled non-linear dynamics model for wheeled holonomic omni-directional mobile robots, followed by development of the novel Velocity and Acceleration Cones, with case studies, and then simulation with experimental validation.
THREE-WHEELED OMNI-DIRECTIONAL ROBOT MODELING
This section presents kinematic and dynamic modeling of a holonomic three-wheeled omni-directional robot. Then we develop a controller, followed by simulation/experiment for validation.
Kinematic and Dynamic Modeling
2.1.1 Kinematic Modeling. Figure 1 shows a bottom view of the Ohio University Phase VI RoboCup robot. Three motors are symmetrically arranged on the robot bottom. Each wheel is mounted directly to its motor shaft so the motor and the wheel have same rotational center. Special wheels are used for the robot as shown in Figure 1 . The wheel can be used for powered rotation along the primary diameter as normal wheels, while the double-row passive rollers along the outside diameter allow free rotation along an orthogonal direction to the powered rotation. These wheels allow the holonomic omni-directional motion.
As shown in Figure 2 , {w} is the fixed world coordinate frame and {m} is the moving frame.
Frame {m} has the same origin as {w}, but {m} rotates with the robot. The x m axis is set to be perpendicular to traction force 1 T , and φ is defined as the angle of x m with respect to x w . We define
as the traction force of the ground on the wheels, as shown in Figure 2 . We further
as the Cartesian force and moment on the robot in the moving frame, and define constant geometrical matrix B as:
where L is the radial distance to the wheels from the robot center. The force relationship in the moving frame is expressed as:
Where t is not a frame, but indicates 'traction'. The friction drag force along the orthogonal direction of the wheel is assumed negligible, as it is relatively small compared with that along the primary diameter, especially for the double-row roller wheels. (Williams et al, 2002) . Using the principle of virtual work: 
are the wheel angular velocities. From (2) and (3), the velocity kinematic equations of the omni-directional robot are expressed in {m} or {w} as follows:
where R w m is the orthonormal rotation matrix which rotates vectors in {m} to {w} (Craig, 2005) :
Taking the time derivative of w X in (5), since B and r are constants, we get:
Equation (7) is the acceleration kinematics equation for the three-wheeled omni-directional robot.
Dynamic Modeling.
From (2) and Newton's Second Law, we have:
where
is the robot mass matrix, and m and J are the mass and rotational inertia of the robot. From (7) and (8), and by using the orthonormal property of rotational matrices
obtain the traction force of the robot as:
We model the rotational dynamics of each wheel/motor by reflecting the load inertia (wheel) to the motor shaft. The following equations apply to each motor/load axis, 1, 2, ; Equation (18) is obtained from the velocity kinematic relationship (5). From (13) and (18) . Design efforts, such as using larger L or n to reduce k 2 (see (15)), can decrease the wheel coupling effects in the EOM. Based on (20) we can make a couple of statements. First, the dynamic 9 response of each wheel is affected by the other two wheels. If we take:
From (22) and (23) A big gear ratio and small robot mass and wheel size can decrease the non-linear effects of the Cartesian rotational speed of the robot by reducing k 4 in (17).
Controller
For simulation and experiment, we have developed a Simulink model. In order to test our modeling and the kinematic and dynamic constraints on path planning (the main idea of this article, starting next section) in simulation and then experiment, we must first develop a controller. Figure 3 shows the Simulink diagram of the closed-loop trajectory-following controller. Path Planning gives the desired robot velocity at each time sample. Inverse Kinematics calculates the angular velocities of the three wheels, which are inputs of Robot Dynamics (see Figure 4 ). The outputs of Robot Dynamics, the wheel angular velocity responses, are used to calculate the velocity of the robot in Forward Kinematics.
The velocity of the robot is integrated to yield the current robot position and orientation.
There are two levels of closed-loop control in Figures For controller design, a trial-and-error method was applied instead of a classic method to determine the P and I gains by shaping the dynamic response for each wheel in the simulation. We take relatively high gains but not so high as to cause instability. The gains found by simulation also work well for the experimental robot hardware. The wheel angular velocities are coupled when the robot is rotating.
Figure 4. Wheel Velocity Inner Control Loop

Simulation and Experimental Validation of the Dynamic Model and Controller
In this section we simulate the Ohio University RoboCup three-wheeled omni-directional robot, using the dynamic model and controller derived earlier. The real-world robot data used for simulation is given in Table I (mass moment of inertia units are kg-m 2 , rotational damping is N-m-s, mass is kg, length is in m, and the units of k lr , k M , and k E are 1/Ohm, N-m/amp, and volt/rad/s, respectively). Substituting the data from Table I into (14-17) yields Table II .
7e-7 8e-5 14 5e-8 0 4.6e-3 2.36 2e-2 7e-2 1/8.71 0.0156 0.0145 
We substitute the Table I and II values into (20), to obtain the specific the EOM of our RoboCup robot.
Units of the first, second, and fourth constants in (20) We specify that the virtual circle radius rotate around 360 degrees at 1.0 rad/s as the robot follows the commanded trajectory, from starting point A and ending at the same point. Note that the robot orientation is commanded to be constant and thus the robot angular velocity is 0 φ = for the commanded trajectory. The commanded and simulated robot trajectory circles are compared in Figure   5 and the commanded and experimental robot trajectory circles are compared in Figure 6 . The experimental mobile robot was shown in Figure 1 ; it moves on a carpeted surface. The problems of kinematics and dynamic constraints including actuator saturation and wheel slippage were not taken into account in the modeling, simulation, and experiment of this section.
These are the main ideas of this article. Now Section 3 introduces the topic, then Sections 4 and 5 present modeling and case studies of the kinematics and dynamics constraints, respectively. Section 6 then presents simulation and experimental validation of the kinematics and dynamics constraints for path planning.
PATH PLANNING SUBJECT TO KINEMATIC AND DYNAMIC CONSTRAINTS
Simulation with experimental validation based on the coupled dynamic EOM was performed in the last section. With the developed controller, the robot can follow the desired path closely in simulation and experiment. However, the kinematics and dynamics constraints of the robot were not taken into account in the simulation. Dynamic path planning, which considers the kinematics and dynamics constraints of the robot, is discussed in this section; we assume no obstacles in this article.
The path assigned to a real robot should satisfy some practical conditions. First, the velocity and acceleration of a robot should be within their limitations. These limitations are determined by the specific actuators, driving structure, and dynamics of the robot. Secondly, the path must satisfy the given position and velocity at the initial and final points. We describe these conditions as follows: 1) The robot translational speed at any path point must be within its limitation (as a function of rotational speed):
.
2) The robot translational acceleration at any path point must be within its limitation (as a function of rotational acceleration): . 4) The assigned path must match the desired velocity at the initial and final points:
In the following sections, the kinematic and dynamic constraints of an omni-directional robot are discussed, and then case studies are presented for each. Lastly, simulation and experimental results are presented to demonstrate and validate our theoretical results.
KINEMATIC CONSTRAINTS
The kinematic constraints of a three-wheeled omni-directional robot are discussed in this section.
A novel concept called the Velocity Cone is proposed, used to determine the robot velocity constraints.
A case study applies the Velocity Cone to calculate the kinematic constraints of the RoboCup robot.
Velocity Cone
From the robot kinematic equations (5), the Cartesian velocity w X of the robot in {w} can be determined from the wheel angular velocities
(where constant u is the maximum allowable wheel angular velocity), we obtain the range of m X in {m} using the linear transformation (4). This is shown graphically in Figure 7 . 
The velocity range in {w} (where the path planner works) is a linear transformation of that in {m}, which varies with robot orientation φ. The velocity range in {w} has the same shape as that in {m} and it rotates with the robot. The velocity should be selected so the robot moves without kinematic saturation. That is, at any moment, the path planner cannot assign a robot velocity in {w} that exceeds its allowable translational velocity range, as a function of its rotational speed.
Outlying points '
A and ' B cannot be used for planning a motion such as moving along a straight line in {w} as these velocities can only be obtained in the case of moving with Cartesian rotation.
The maximum velocities that can be used for planning a general translational motion without a specific φ are at the six vertexes like ' E of the inner hexagon in Figure 8 left, in the case of no rotation. In
with a rotational speed of b = φ , the maximum velocity which can be used for planning a straight-line motion, is
(this is also seen in the right hand side of Figure 8 ).
Though the velocities in some points on the surface 
Velocity Cone Case Study
The RoboCup robot Velocity Cone is now determined. The values for L, r, k E and n are given in Table I and the maximum wheel velocity is u = 58 rad/s. Using (1) The hexagon in Figure 9b (the inner hexagon of Figure 10a ) is obtained by calculating the points in the surface of the wheel angular velocity cube that also satisfy 0 This specific form of (25) is used to determine the maximum allowable robot translational velocity v max when φ is given. It assumes positive φ ; v max is symmetric for negative φ .
DYNAMIC CONSTRAINTS
The dynamic constraints of a three-wheeled omni-directional robot are presented in this section.
A novel concept called the Acceleration Cone is proposed to determine the robot acceleration constraints.
Two kinds of Acceleration Cone are considered, the Dynamics Acceleration Cone for avoiding actuator saturation and No Slippage Acceleration Cone for avoiding wheel/motion surface slippage.
Dynamics Acceleration Cone
Actuator saturation at the dynamic level is a practical problem of the motion-capacity of the robot; motions exceeding the torque capacity are infeasible. By reviewing the dynamics model (20), as the fourth term is relatively small compared with the third term (which can be verified by using the specific robot parameters), it can be seen for any given E, max q happens when 0 = q . 
where:
Solving (26) 
where constants a m and a n are determined from (20) with i E e = . A Dynamics Acceleration Cone example is given next.
Dynamics Acceleration Cone Case Study
The RoboCup robot Dynamics Acceleration Cone is now determined. The values for L, r, n, k lr , k M , k 1 , and k 2 are found in Tables I and II and the RoboCup robot maximum motor voltage is e = 12 volts.
Using (26) and (28) and the ground, and the friction force is large enough to accelerate the robot. This is not always the case and so we will discuss dynamic constraints on wheel slippage in the next subsection.
No Slippage Acceleration Cone
A three-wheeled omni-directional robot dynamic model with wheel/motion surface slippage is given in Williams et al. (2002) . Here we consider that slippage occurs when the friction force is too small to perform the assigned robot motion. Restricting the maximum robot acceleration in an attempt to avoid slippage is presented as a dynamic constraint in this subsection. Equation (8) 
T T T = F
of the ground on the wheels to the robot Cartesian acceleration in {w}. If we assume that robot weight mg is equally supported by the three wheels, to avoid slippage we must have:
where μ is the friction coefficient between the wheel and motion surface. Combining (8) and (30), the maximum allowable acceleration is written as:
Where we use 1 1 ≤ ≤ − 
The robot mass is cancelled; the new Acceleration Cone is determined only from robot geometry and the friction coefficient. As this new Acceleration Cone is based on maximum friction forces to avoid slippage, it is called the No Slippage Acceleration Cone. An example is given next. 
No Slippage Acceleration Cone Case Study
Discussion
Two novel Acceleration Cones are proposed to determine the maximum robot acceleration to avoid actuator saturation (Dynamics) and to avoid wheel slippage (No Slippage). The assigned robot acceleration must lie within both Acceleration Cones. The Dynamics Acceleration Cone depends on the robot and motor dynamics. More powerful motors yield a bigger Dynamics Acceleration Cone.
The No Slippage Acceleration Cone is determined only by the arrangement of the actuators and the wheel/motion surface frictional coefficient. It is independent of the robot mass, actuators, and the wheels' radius.
We found that the Dynamics Acceleration Cone is much larger than the No Slippage Acceleration
Cone for the RoboCup robot. Comparing Figures 13b and 15b , for the same φ range, the translational accelerations are more than an order of magnitude larger for the Dynamics Acceleration Cone. Therefore, for planning accelerations, the No Slippage Acceleration Cone can be used exclusively since it dominates (yields much lower translational accelerations). Now, the Dynamics Acceleration Cone in Figure 13b is only for zero angular velocity, so the size of this cone is maximum,
i.e. all admissible accelerations will be less for motions with initial velocities. However, we found that the No Slippage Acceleration Cone still dominates for all motions even considering this issue, when the voltage is less than e = 12 volts.
Our RoboCup team did not know this issue when the motors were selected; it turns out that the motors selected for torque capacity to generate maximum translational accelerations and velocities are oversized, considering wheel slip. Wheel slippage has plagued our robots. It may be more efficient to design the motors so the sizes of the Dynamics and No Slippage Acceleration Cones are about the same.
Next the Velocity and Acceleration Cones are used to determine the maximum velocities and accelerations in a RoboCup robot path, demonstrating the theory of this article via simulation and validating it via experiment.
SIMULATION AND EXPERIMENTAL VALIDATION
Dynamic Path Planning with a 3rd-order Polynomial: A Simulation Case Study
Any assigned robot path must satisfy the given position and velocity at the initial and final points.
A 3 rd -order polynomial can satisfy these conditions (Craig, 2005) . For each of the Cartesian x, y, and φ directions, we develop a 3 rd -order polynomial (with four unknown coefficients each) by matching the position and velocity at the initial and final points and times. The first derivative, the robot speed, takes its maximum value when the second derivative, the acceleration, is zero. This agrees with the robot dynamic EOM (20) where the maximum acceleration occurs with zero velocity and maximum velocity has zero acceleration. The second derivative of 3 rd -order polynomials is continuous.
The third-order polynomial coefficients change with time period
. The chosen time period is related to the maximum speed and maximum acceleration. The shorter the time period, the bigger the maximum speed and the acceleration will be. The task of dynamic path planning with a 3 rd -order polynomial is to determine the minimum Δt that satisfies both kinematic and dynamic constraints of the robot (Sections 4 and 5). First, the relationships between Δt and the maximum velocity and acceleration are evaluated. The minimum Δt for satisfying both velocity and acceleration constraints is then calculated. Δt is written as:
A simulation case study is presented with the conditions in ; note v max is reached but a max is not since v max dominates this particular problem).
Experimental Validation of Kinematic and Dynamic Constraints for Path Planning
An experimental study is presented to investigate the kinematic and dynamic constraints of the omni-directional RoboCup robot (please see Wu, 2004 , for experimental setup details). A 2 nd -order polynomial combined with a constant-velocity motion is assigned to the robot in the experiment, as an alternative to the 3 rd -order polynomial presented above. In three experimental cases (Table IV, Figure 18a ), there is no wheel slippage or actuator saturation for the robot. The robot successfully follows the w x and w y command, with a time lag due to the lower control gains.
In Case 2 (Figure 18b) Figure 18b , the vibratory motion starts at the constant-velocity portion (in y, and to a lesser degree, x), which means the robot cannot achieve the desired velocity.
In Case 3 (Figure 18c ), with max 1.0 / v m s = and 2 max 1.5 / a m s = , the robot also cannot follow the command smoothly, in this case due to high a max . Unlike Case 2, the vibration of the signal starts in the deceleration motion, which means the robot cannot achieve the desired deceleration (the robot does follow the constant-velocity motion well). Clearly wheel slippage dominates for our RoboCup robot, in terms of limiting the maximum admissible accelerations.
CONCLUSION
This article presents a new dynamics model and kinematic and dynamic constraints for motion planning of a holonomic three-wheeled omni-directional robot. The novel concepts of Velocity and Case studies and simulation for the kinematic and dynamic constraints (Velocity and Acceleration Cones) have been presented. Experimental validation has been presented for our dynamic model and controller, plus the kinematic and dynamic constraints.
Acceleration
Our Velocity and Acceleration Cones may be applicable in robotics outside holonomic three-wheeled omni-directional mobile robots, but the geometric properties will be harder to visualize for degrees-of-freedom greater than three.
